Abstract. We relate Gaussian curvature to the gyroscopic force, thus giving a mechanical interpretation of the former and a geometrical interpretation of the latter. We do so by considering the motion of a spinning disk constrained to be tangent to a curved surface. It is shown that the spin gives rise to a force on the disk which is equal to the magnetic force on a point charge moving in a magnetic field normal to the surface, of magnitude equal to the Gaussian curvature, and of charge equal to the disk's axial spin. In a special case, this demonstrates that the precession of Lagrange's top is due to the curvature of a sphere determined by the parameters of the top.
Introduction
Lagrange's top is an axisymmetric rigid body with one point on the axis fixed, subject to a gravitational force [5] . It is equivalent to a disk mounted on an axle attached to a ball joint, as in Figure 1 (a), or a particle-namely, the disk's center-moving on a sphere under the influence of gravitational and magnetic forces [2] . It is the "magnetic force," i.e. the gyroscopic effect, that causes the top to precess. tangent to a torus. The axle CO, constrained to the plane ABC, sweeps out a circle in that plane; the torus is generated by revolving this circle about the axis AB.
In this paper we point out a connection with Gaussian curvature, by showing that the motion of the Lagrange top is the same as the motion of a charged particle in a magnetic field normal to the sphere and equal in magnitude to the Gaussian curvature, with the particle's charge given by the angular momentum of the top around its symmetry axis.
One might argue that this is just a coincidence, since the geometry of the sphere is so particular. We show that this is no coincidence, and is in fact a reflection of a deeper relationship between curvature and dynamics. To see this, we consider the generalization of the top, namely a spinning massive disk constrained to be tangent to a smooth surface, with the contact point free to slide along the surface, as illustrated in Figures 1(b) and 2.
Our main result, illustrated in Figure 3 , is that the rotation of the disk around its axle produces an additional force acting on the center of the disk, perpendicular to the velocity, of magnitude where L is the axial angular momentum of the disk, K is the Gaussian curvature of the surface, and v is the speed of the disk's center. In other words, the trajectory of the spinning disk's center is the same as that of a non-spinning disk subject to this additional force. This is exactly the same as the Lorentz force acting on a charged particle in a magnetic field, with L being the charge and K being the strength of the magnetic field. This results in a physical interpretation of Gaussian curvature as a "magnetic field" and angular momentum as "charge." It should be noted that a non-spinning disk is different from a point mass, since the former has some kinetic energy due to the rotation of the tangent plane. However, if the disk has a small radius this portion of energy is small relative to the translational energy, and if it is neglected then the two systems are equivalent. By contrast, if the disk spins rapidly the kinetic energy due to the axial spin cannot be ignored, even when the radius is small. This is discussed in more detail in Section 2.2.
We also point out that the product LvK is the only homogeneous expression in L, v and K that has units of force.
In the approximation mentioned in the preceding paragraph, that is, for a small, rapidly-spinning disk, there exist coordinates (x 1 , x 2 ) at any given point in which the equations of motion take the form
The result is precisely formulated in Section 2 and proved in Section 3, with a heuristic explanation given in Section 4. We conclude in Section 5 by giving a coordinate-free formulation and proof of the main result using the language of modern differential geometry. This provides as a special case an (apparently new) variational derivation of the equations of motion of Lagrange's top. Remark 1. The result gives further motivation to the problem of studying curves for which the geodesic curvature is a constant multiple of the Gaussian curvature: k = cK. Indeed, the geodesic curvature is k = a/v 2 , where a is the acceleration due to the magnetic force. Substituting a = m −1 LvK from (1), we get The main result: the spinning disk acts as if subject to the "Lorentz force" F= Lv × (−K), with K = Kn, where n is the unit normal vector in the positive direction relative to a chosen orientation of the surface and K is the Gaussian curvature. Thus B = −K can be interpreted as the magnetic field, and q = L as the charge. Choosing the opposite orientation will not affect F as both n and L would change sign.
Note that v is constant since the force is perpendicular to the velocity, and the constant c is precisely the ratio of angular momentum to linear momentum. This is a subclass of a wider class of problems on "magnetic geodesics" considered by Arnold [1] and many others; see [3] and references therein.
Remark 2. We arrived at the spinning disk problem through the following series of associations. In analyzing the dynamics of a tight binary orbiting a larger star we were led naturally to a simplified problem: a dumbbell, such as a pair of tethered satellites, spinning and orbiting a gravitational center (this work is to appear elsewhere). This in turn led us to consider a "geodesic dumbbell": two point masses constrained to a surface and a fixed small geodesic distance apart. An interesting effect in all of these problems is the appearance of a "magnetic" force due to the spin. (Incidentally, such a "magnetic" force appears also for a single point mass if the force field itself is spinning, as pointed out in [4] ). The spinning disk considered here is a simplification of the geodesic dumbbell, chosen to demonstrate the magnetic effect with a minimum of technicalities.
Results
We now formulate the main result of the paper-the equations of motion of the spinning disk on a curved surface. In order to state the result we first write the kinetic energy of the disk in a special coordinate system, then interpret geometrically the resulting Euler-Lagrange equations.
2.1. Classical formulation. Let (x 1 , x 2 ) be a local rectangular coordinate system on the surface, so that the lines {x 1 = const.} are orthogonal to the lines {x 2 = const.}. We take these coordinates to be right-handed with respect to a chosen orientation of the surface. The metric ds 2 on the surface is then given by ds 2 = a 11 dx
Let x = (x 1 , x 2 ) denote the coordinates of the disk's center. The rotational part of the kinetic energy of the disk is 1 2 Iω, ω , where I is the tensor of inertia of the disk around its center of mass and ω is the angular velocity. Decomposing the latter along the axial direction and the rest, we obtain the total kinetic energy (translational plus rotational) as
where ω a and ω d are the scalar values of the two projections of ω (axial and along a diameter), m is the mass of the disk, and v is the speed of the center of the disk: v 2 = Aẋ,ẋ , where A = diag(a 11 , a 22 ) and where · , · denotes the Euclidean inner product. It follows that a nonspinning 1 disk has kinetic energy
and its center moves according to
We now describe what happens when the disk has non-zero angular momentum around its axle.
Theorem 1. Define T = T (x,ẋ) as in (4) and let K = K(x) denote the Gaussian curvature of the surface. Then the angular momentum L = I a ω a about the disk's axle is a conserved quantity and the motion of the disk's center is governed by
To uncover the intrinsic meaning of the equations of motion (5), fix a point P on the trajectory and let (x 1 , x 2 ) be the Cartesian coordinates in the plane tangent to the surface at P ; the nearby positions on the trajectory are then given by the coordinates (x 1 , x 2 ) of the orthogonal projection onto this tangent plane. In these coordinates, a 11 = a 22 = 1 at P , and (5) simplifies to
This confirms our earlier claim that the axial spin amounts precisely to the addition of a "magnetic field" orthogonal to the surface and of magnitude K.
Remark 3.
It is possible to include potential energy terms in T , allowing for external forces such as gravity, but these have no bearing on our result as they do not affect the "magnetic" term.
2.2.
The small, rapidly-spinning disk. Further simplification occurs if we ignore the last term in (3). This approximation is justified if the radius of the disk is small in the following sense. Since |ω d | ≤ h v, where h denotes the second fundamental form of the surface, we obtain
where R is the radius of the disk. Thus the translational kinetic energy dominates the energy of rotation around the diameter when R h 1. Moreover, since I a = 2I d , the second term in (3) will be much larger than the third if ω a , the axial spin, is large relative to ω d , i.e. ω d /ω a 1. We thus define the small, rapidly-spinning disk to be the system with kinetic energy
In this case the center moves precisely like a particle of charge L in a magnetic field of strength K.
In particular, (6) becomes
or equivalently
1 I.e. ωa = 0. Geometrically this means any material radius-vector of the disk undergoes parallel transport along the curve x(t).
2.
3. An application to the Lagrange top. We now describe more explicitly the role of Gaussian curvature in the dynamics of the Lagrange top. The configuration space SO(3) can be parametrized by Euler angles, which we denote by x 1 , x 2 and θ, as shown in Figure 4 (thus breaking with the tradition of using Greek letters exclusively). Here (x 1 , x 2 ) are the coordinates of the point of intersection of the axle with a sphere, and θ is the angle between the parallel on the sphere through P and a vector u rigidly attached to the top and normal to the top's axle. The kinetic energy is
where I 3 is the moment of inertia about the top's axle, and I 1 is the moment of inertia about any perpendicular axis. The first term in (10) coincides with the expression for the kinetic energy of a point mass m on the sphere of radius R, namely
This still leaves some freedom in choosing m and R. We use this freedom by insisting that the potential energy (which we excluded so far) of our point mass equal the potential energy of the top:
, where M denotes the top's mass, and the distance from the origin to the top's center of mass. This and (11) fixes R and m:
To summarize, to any Lagrange top we assign a radius R and a point mass m, so the kinetic energy of the top becomes
This is precisely the form of (7) with I a = I 3 . That is, the Lagrange top turns out to be an exact incarnation of the "small, rapidly spinning disk" moving on a sphere of radius R, as given by (12). According to Theorem 1, the point at which the axle punctures the sphere behaves as if it were subject to a Lorentz force of magnitude LvK, where L is the axial angular momentum and where K = 1/R 2 is the Gaussian curvature of the sphere.
Parallel to tangent plane at P 2.4. Intrinsic formulation. The equations of motion (5) depend on local coordinates, which tends to obscure their geometric nature. On the other hand, the simplified forms (6) and (9), while geometrically transparent, are only valid in a particular coordinate system at a single point. We address this concern by writing the equations of motion in an invariant manner, retaining the special assumption of a small, rapidly-spinning disk.
The center of the disk moves along a parametrized curve γ on the surface, with velocityγ. Letting D t denote the covariant derivative operator along γ, the acceleration of the center is D tγ , and so the equation of a geodesic is D tγ = 0. In these notations Theorem 1 can be reformulated in the following coordinate-free way.
Theorem 2. The center of the small, rapidly-spinning disk moves according to
where L is constant and J denotes counterclockwise rotation by π/2 in the tangent plane.
This should be read as a coordinate-free version of (9): the left-hand side is mass times acceleration and the right-hand side is the magnetic force acting on the disk's center. Further details and the proof are given in Section 5.
The equations of motion: coordinate version
In this section we show how the Gaussian curvature arises in the Euler-Lagrange equations, thus proving Theorem 1.
In order to write the kinetic energy E in coordinates, we choose a local rectangular coordinate system (x 1 , x 2 ) on the surface. Marking a particular radius on the disk, denote by θ the angle this radius makes with the positive direction of the lines {x 2 = const.}. Thus the triple (x 1 , x 2 , θ) parametrizes (locally) the configuration space of the disk. Having thus coordinatized the configuration space, we need to find an expression for ω a . To that end we need an expression of the parallel transport (which corresponds to ω a = 0); this is provided by the following lemma. Lemma 1. The parallel transport of a tangent vector along a curve x(t) = (x 1 (t), x 2 (t)) on the surface is given byθ
where k 1 and k 2 are the geodesic curvatures of the coordinate lines {x 2 = const.} and {x 1 = const.}, respectively, and a ii are the coefficients of the metric tensor (2).
Remark 4.
A more geometric form of (15) (which we do not use) is
where ds i are the length elements along the coordinate curves. Equivalently,
where ϕ is the angle between the curve x(t) and the coordinate lines {x 2 = const.} Figure 5 . Towards the proof of (15).
Proof. Figure 5 shows an infinitesimal triangle whose two sides are lines x 1 = const., x 2 = const., and whose "hypotenuse" is a segment of x(·) along which we want to transport. Transporting a tangent vector along the curve x(·) we get ∆ hyp θ (the change of the angle it forms with the lines x 2 = const., the quantity we are interested in). But by the Gauss-Bonnet theorem
where ∆ i θ denote the change of θ under parallel transport along the "legs" of the triangle in Figure 5 in the direction of the arrows. Using
and similarly for the other curve leads to (16) and thus to (15).
According to (15), the axial component of the angular velocity of the disk is
where
Indeed, according to the lemma, the right-hand side of (18) measures the mismatch with parallel transport. The kinetic energy of the disk in these coordinates is
where h is the second fundamental form of the surface. The term T is the kinetic energy of the non-spinning disk; if I d h(ẋ,ẋ) can be neglected then T is simply the kinetic energy of the point mass m. The Euler-Lagrange equations for the Lagrangian E are
and
According to (20),θ + f (x)ẋ is constant along any solution-this is simply the angular velocity of the disk around its axle. Fixing an arbitrary value ω a of this constant, we limit our attention to the invariant subspace of the phase space satisfyinġ
For such solutions (21) reduces to
where L = I a ω a , with the skew-symmetric matrix
Lemma 2. With the above assumptions and notations,
where K is the Gaussian curvature of the surface.
Proof. Assume x = (0, 0) without loss of generality. Consider a patch on the surface corresponding to x 1 ∈ [0, ε] and x 2 ∈ [0, δ] for small ε, δ. The Gauss-Bonnet formula applied to this patch gives
where the term 4 π 2 = 2π comes from the four right angles of the rectangle-here the assumption of the orthogonality of the coordinate system is used-and k is the geodesic curvature. Now k ds is the sum of four terms, which we group into pairs corresponding to opposite sides: 11 k 1 )(x 1 , 0) − (a 11 k 1 )(x 1 , δ) 
where (a 11 k 1 )(x, y) denotes the product evaluated at (x, y). Substituting this into (25), dividing by εδ and sending ε, δ → 0 results in (24).
Substituting (24) into (23) 
A heuristic explanation of the appearance of Gaussian curvature
We now give a short heuristic explanation of our result. After that we discuss two special cases, stripped of all formalism, to give a physical insight into "what is really going on." The underlying intuition in all this is the following: if we hold a spinning wheel by two ends of its axle and attempt to change its orientation, the axle "resists" by pushing our hands in the direction orthogonal to their motion. An elementary explanation of this can be found in, e.g., [6] , p. 154.
An explanation of the magnetic force -general case. In the neighborhood of the tangency point with the disk the surface is given by the graph of
A unit normal vector to this surface is n = (Hx, −1) + O(|x| 2 ) ∈ R 3 , andṅ = (Hv, 0) at the instant when the center of the disk is at x = 0. But I a ω a n = L is the axial angular momentum, and thus the torque upon the disk is τ =L = I a ω a (Hv, 0).
This torque can be attributed to two forces, F a and F b , normal to the disk acting at two points a and b whose connecting segment is normal to Hv, as shown in Figure 7 . The resultant force is where n a and n b are unit normal vectors and
A direct computation yields HJH = KJ, where K = det H is the Gaussian curvature. Substituting this and τ = |τ | from (26) into (27) we get
in agreement with (1) and Figure 3 .
The above explanation still relies on a small calculation (27); the following two special cases are treated purely geometrically, with nothing hidden by calculation. With the velocity v pointing in a principal direction, the disk undergoes an additional rotation around the diameter tangent to the other principal direction (line 2 in Figure 8 (a)) with the angular velocity ω r = vκ 1 , where κ 1 is the principal curvature in the direction v. As the result of this reorientation, the disk exerts the gyroscopic torque
against the tangency constraint (this can be seen from (26)), and the surface reacts with an equal and opposite torque, which can be considered to be due to the torque of two forces, F a and F b , applied by the surface to the disk, as in Figure 8 (a). The torque of these forces points into the page in Figure 8 the left in the figure, i.e. is normal to v. This is precisely the "magnetic force" mentioned earlier.
We now compute the magnitude of this force, referring to the magnified view of Figure 9 (b). We have 
Substituting this into (29) gives
which agrees with Figure 3 and coincides with the general formula derived in Sections 3 and 5.
As an example, for the cylinder or for the cone we have F deflection = 0. In general the sign of K affects the direction ("left" or "right" of v) of the deflection force. Special case #2: v points along a straight line on a ruled surface of negative curvature.
When v points along a straight geodesic (Figure 10 ), the disk's plane undergoes instantaneous rotation around the diameter aligned with this geodesic (in addition to the axial spin). The resulting gyroscopic effect causes the disk to apply a torque to the surface; the surface reacts with the equal and opposite torque, which can be thought of being due two point forces F a and F b acting at two points a and b on the geodesic (this torque tries to twist the disk around the diameter perpendicular to v). Figure 10 (b) shows that these forces have a nonzero resultant, due to the surface's twisting, and that this resultant points normal to v. It remains to confirm that the magnitude of this force is given by (30). Let us choose coordinates so that the straight geodesic is the x-axis, and the z-axis is normal to the surface at the point in question. Any ruled surface satisfies
for some constant κ. The Gaussian curvature of this surface at (0, 0, 0) is K = −κ 2 . We are interested in the resultant F a + F b ; its magnitude is
where F = |F a | = |F a |, α is the angle between the normals at a and b and x is the distance along the geodesic. We find F from the torque condition, as we did before in (28):
We conclude that the resultant (31) is
in agreement with the general case, as claimed.
The equations of motion: coordinate-free version
In this section we outline an alternative proof of Theorem 2, and thus of Theorem 1. As opposed to the proof given above, this one is variational and coordinate-free.
As in Section 2.4, we suppose the center of the disk follows a curve γ on the surface, with velocityγ and acceleration D tγ . We fix a unit vector u pointing from the center of the disk to the distinguished point on the boundary, so the configuration space of the spinning disk is the unit tangent bundle of the surface.
By the argument of Lemma 1, the axial component of the angular velocity is ω a = D t u, Ju , and hence the small, rapidly-spinning disk has kinetic energy E(γ, u) = 1 2 m|γ| 2 + 1 2 I a |D t u| 2 .
For a smooth curve (γ, u) in the unit tangent bundle 3 we define the action integral
The desired equations of motion are precisely the variational (Euler-Lagrange) equations for S.
To compute the variation, let (γ s (t), u s (t)) denote a smooth family of curves in the unit tangent bundle, with (γ 0 (t), u 0 (t)) = (γ(t), u(t)). Define the variation fields V = ∂ s γ s and w = D s u. Substituting γ s , u s into the action integral and differentiating the first term in the integrand, we have 1 2
For the second term in we compute at s = 0: 
